Abstract: In this brief note we point out that transport properties near a strongly interacting quantum critical point can exhibit a dichotomy in timescales. In particular, when the DC conductivity is dominated by the critical point, the Hall angle will show an anomalous scaling. We support these general considerations by performing exact calculations of the Hall conductivity for a large class of holographic lattice models.
Introduction
Many interesting experimental systems are governed by a zero temperature quantum critical point [1] . In particular, it has long been suggested that the anomalous scaling behaviour seen in the transport properties of the strange metal phase is indicative of quantum critical behaviour. Unfortunately, performing explicit calculations of strongly interacting transport is an extremely challenging task. As a result, many of the experimental anomalies remain as mysterious as ever.
Particularly puzzling is the anomalous scaling of the Hall angle. Simple models of transport suggest that the Hall angle, θ H , should be proportional to the DC conductivity. However, experiments have shown that it behaves in a Fermi liquid manner θ H ∼ 1/T 2 which is in sharp contrast to the ubiquitous linear resistivity of the cuprates [2] . It is worth noting that such behaviour is not restricted to the cuprates -the same anomalous scaling in the Hall angle has been observed in heavy fermion compounds near a quantum critical point [3] . This suggests that this behaviour may in fact be a universal property of (certain) quantum critical points.
Previous theoretical attempts to explain this behaviour begin by proposing that transport in these materials is governed by two different timescales. In [4] it is suggested that spinons and holons scatter at different rates, whilst in [5] it is charge conjugation odd and even quasiparticles that behave independently.
In this brief note, we discuss the behaviour of the Hall angle near a strongly interacting quantum critical point. In this regime, we naturally require two different timescales to describe transport. In order to give a finite conductivity, any explicit charge density must be coupled to an external system, for instance a lattice, that can relax momentum. The relevant transport timescale τ L therefore depends on the properties of this external system. However, there is additionally a quantum critical current which is controlled by charge diffusion and an independent timescale τ QC .
When momentum relaxation is very strong, the quantum critical behaviour can dominate the conductivity and we will find that there is a dichotomy in transport properties. Those that receive a contribution from the quantum critical point are controlled by τ QC . However, there are other transport properties, such as the Hall angle, to which the quantum critical point does not contribute. These therefore remain controlled by the lattice timescale τ L .
In order to illustrate our general point we calculate the Hall angle explicitly for a large class of holographic theories with broken translational invariance 1 . This technique allows us to explicitly calculate the conductivity of certain strongly coupled systems in quite generic circumstances. We can deform a CFT by a chemical potential, magnetic field, and break translation invariance whilst retaining the ability to obtain simple analytic expressions for transport properties. In particular our calculations show that within holographic theories the Hall angle will generically display a different temperature dependence to the DC conductivity.
The remainder of this note is organised as follows. In Section 2 we explain why the Hall angle and DC conductivity can be different near a quantum critical point. In Section 3 we support our arguments with a calculation of the Hall conductivity within holography. Finally, in Section 4, we begin to discuss the experimental predictions of our proposal, and how it relates to the phenomenology of the cuprates.
Quantum Critical Transport and the Hall Angle
The most famous experimental anomaly of the high temperature superconductors is the linear resistivity. It has long been extremely tempting to ascribe this behaviour to a T = 0 quantum critical point, which controls the scaling of the strange metal phase. In the quantum critical regime, the only relevant energy scale is postulated to be the 1 Another approach to modelling momentum dissipation in holography is to use probe branes [6] . The Hall angle has been studied in these theories both in the past [7, 8] and more recently in [9] . We will discuss the connection between this work and ours in Section 3.
Holes Particles Figure 1 . The quantum critical current arises from thermally excited particle hole pairs. These can carry a current despite possessing no net momentum.
temperature. The relevant timescale for transport must therefore scale as τ
QC ∼ T and hence one would naively expect a linear resistivity.
Of course this is far too fast. If temperature is the only scale then we can use dimensional analysis to study the conductivity. The resulting scaling form for a ddimensional theory with a dynamical critical exponent z is [10, 11] 
where Σ is some non-trivial function of the ratio ω/T . Experimental probes of the optical conductivity have confirmed a dependence on ω/T and suggest that quantum criticality plays a role, albeit not in its simplest form [12] . However, it is clear that for the cuprates, which are anisotropic three-dimensional materials, one does not immediately obtain a linear resistivity from this mechanism. This would require either an additional length scale to be present or an effective reduction in dimensionality to occur. Nevertheless, explicit holographic models, for instance hyperscaling violating geometries, can reproduce a linear resistivity via this mechanism (see, for instance, [9, 13] ).
It is important to note that these theories have a finite conductivity even in the absence of a net charge density. This is because the quantum critical current, contributing to this conductivity, can (at least at weak coupling) be viewed as being carried by particle-hole pairs of opposite momentum (Fig. 1) . The origin of these pairs has a different interpretation depending on the frequency. In the collisionless regime, ω/T 1, they are pair produced by the electric field, whilst in the collision-dominated regime, ω/T 1, they are thermally excited states.
When the theory is deformed by a net charge, one inevitably finds an infinite DC conductivity unless there is some mechanism to dissipate momentum, such as Umklapp scattering off a lattice. In the presence of an electric field, the charge carriers will be accelerated and acquire a momentum. If this momentum is conserved, the conductivity must then diverge. In contrast, the pairs which carry the quantum critical process carry no net momentum and hence can relax to a zero-current state simply by selfinteractions.
In [14] the transport properties of Lorentz invariant CFTs deformed by a net charge density, Q, were studied using hydrodynamics. More recently, there has been a large amount of progress in explicitly calculating the DC conductivity of such theories exactly within simple holographic models where translational invariance is explicitly broken, for instance by a lattice [15] [16] [17] [18] [19] [20] . In these models, one finds that an explicit charge dependent term simply adds to a quantum critical part
where E, P are the energy density and pressure and τ L is a timescale associated with the lattice 2 . In the hydrodynamic regime, τ
L can be identified with the momentum relaxation rate, although it is not clear whether this interpretation continues to hold when momentum dissipation is strong.
This result can be interpreted as an 'inverse-Matthiessen' law in the sense that within these models, it is the conductivities of the two processes and not their resistivities that add [22] . It is important to emphasise that within a strongly interacting system, the timescale τ L appearing in (2.2) cannot be interpreted as a quasiparticle lifetime. As a result the quantum critical conductivity σ QC , which is associated with charge diffusion rather than momentum relaxation, remains controlled by a separate timescale τ QC .
We can now turn our attention to the Hall angle. The Hall angle is defined as the ratio of Hall conductivity, σ xy , to the longitudinal conductivity, σ xx , in the presence of a magnetic field, B. Whilst the Hall angle has not previously been calculated within generic holographic lattice models, we perform such a calculation in the next section. The main result of this paper is that the Hall angle takes the form
Holes Particles B Figure 2 . In the presence of a magnetic field, the particle hole pairs responsible for σ QC are deflected in the same direction. They therefore cannot carry a Hall current.
where W is a complicated function of the magnetic field, charge density and temperature. At leading order in momentum relaxation, a treatment in hydrodynamics revealed that the Hall angle is given by (2.3) with W = 1 [14] . Remarkably we find that whilst W is non-trivial at strong momentum relaxation, it is bounded as 1 < W < 2, and hence the leading scaling of the Hall angle is always given by θ H ∼ τ L . The central point of this paper is this observation that, in contrast to the DC conductivity, the scaling of the Hall angle is determined solely by the lattice timescale.
In particular, there is no additive contribution to the Hall angle from the critical current. In fact, it is easy to see why this should be the case. Recall that the critical current is carried by particle-hole pairs, which in the presence of an electric field move in opposite directions and carry a current but no net momentum. Upon adding a magnetic field, these pairs are deflected in the same direction and hence they do not contribute to the Hall conductivity σ xy (Fig. 2) .
It is now simple to understand how it is possible to get anomalous behaviour in the Hall angle. When momentum dissipation is very strong, τ −1 L → ∞, the DC conductivity is dominated by the quantum critical current and hence controlled by τ QC . In contrast, the Hall angle continues to be controlled by the lattice timescale τ L and so can exhibit a completely different scaling with temperature.
Whilst these arguments are motivated by the results of our holographic calculations, which we will present in detail in the next section, it is hopefully clear that they are based on quite general considerations.
The Hall Angle in Holography
The holographic correspondence allows us to study certain strongly coupled systems in terms of gravitational physics in anti-de Sitter space. There has recently been a large amount of progress in obtaining analytic expressions for the transport properties of holographic theories [15, 16, 18] . In this section we use these models to calculate the Hall angle in a large class holographic models, where translational invariance is broken by scalar fields.
We begin by considering the following Einstein-Maxwell-Dilaton theory with additional axion fields which we shall use to break translational invariance in the boundary theory.
These models can be viewed as the polar decomposition of a theory with two identical complex scalar fields which are assumed to have the same magnitude φ 1 = φe
If we make the identification Φ(φ) = φ 2 , this corresponds to the original scalars φ i living in the complex plane. Other forms, in particular exponentials, can be obtained from scalars taking values in e.g. hyperbolic space. In addition we have allowed for an arbitrary potential for the magnitude of these lattices, and a coupling to the electromagnetic field via a dilaton-like factor Z(φ).
For simplicity we wish to consider isotropic solutions in the bulk, and hence we will assume a background for the metric and gauge field of the form
We assume that the geometry has a regular horizon at r = r + where the gauge field vanishes a ∼ (r −r + ) and U ∼ 4πT (r −r + ). As the radial coordinate r → ∞ we assume that the metric approaches anti-de Sitter space and that the gauge field approaches a constant which is interpreted as the chemical potential, µ, in the boundary. Associated to the chemical potential is a constant charge density, Q, which is identified with the conserved electric flux of the bulk theory
In order to have a finite conductivity at Q = 0 we must break translational invariance. This is done by demanding that the scalar fields are non-vanishing on the boundary χ 1 → kx, χ 2 → ky as r → ∞. This corresponds to introducing oscillatory lattices in the scalar fields φ i . The reason we have chosen to break translational invariance using two different lattices, one in the x direction and one in the y direction, is that is allows us to retain a homogeneous problem in the bulk that can be studied using ODEs. As a result, we will be able to calculate simple expressions for the Hall conductivity in these models.
DC conductivity
In contrast to the approach outlined in [15] , it will ultimately prove easier to calculate the conductivities by turning on a constant electric field through the requirement that A x → −E x t. We first review how to use this approach to calculate the DC conductivity, as was originally performed in [18] , before generalising the arguments to the Hall conductivity. After turning on the electric field, the bulk equations of motion force us to turn on other fields through a consistent ansatz:
2V δh tx (r)
A comment is in order about our boundary conditions. This choice of ansatz does not allow for a true source for the scalar field -any constant piece in δχ 1 at the boundary is just a shift in the phase of the lattice in the boundary. Our other boundary condition is that there is no source for the energy momentum tensor, i.e that the metric δh tx → 0 in the UV.
We wish to calculate the DC conductivity. As is now well-known in these calculations, the trick is to find a conserved quantity in the bulk. This is provided for us by the perturbed Maxwell equation, which can be integrated to show that the current
is independent of the radial direction, r. In fact, this conserved current is, up to a constant piece, the same as the conserved current that was identified in [15] . The conductivity can then be extracted from the current simply be taking the ratio
Since J x is a constant, we can evaluate this ratio any where in the bulk. The simplest place to do this is at the horizon where we will see that the constraints of regularity are enough to determine the conductivity. That is we demand the smooth behaviour
In the absence of a charge density, we only gain a contribution to the current from the gauge field J x ∼ δa x . Applying these boundary conditions gives the familiar finite contribution to the conductivity due to particle hole pairs
At finite charge density things are more complicated. We now also need to know the behaviour of the metric component δh tx at the horizon. In a translationally invariant theory, this will diverge and we will be left will the familiar infinite conductivity for finite density theories with a conserved momentum. Conversely, in the absence of momentum conservation, δh tx will take a finite value at the horizon. This value can be extracted by looking at the t − x component of the Einstein's equations, which for our ansatz reads
If we look at this equation near the horizon we can see that our boundary conditions force us to take
We now have everything we need to evaluate the current J x at the horizon and hence deduce that the conductivity is given by
which is finite due the the results of momentum relaxation. By defining a lattice timescale
where we have introduced the entropy density s 4π = e 2V and by identifying a critical conductivity
we can write the conductivity for these models as
which is our claimed form.
Hall Conductivity
The advantage of our approach is that it is straightforward to generalise our argument to calculate the Hall conductivity. In Lorentz invariant theories, the conductivity in the presence of a magnetic field is constrained to obey the simple form σ xx = 0, σ xy = Q/B which was originally reproduced from holography in [25] .
Calculating the Hall conductivity in theories without translational invariance is more complicated. To do this we consider the same class of models as before, but we add a magnetic field A y = Bx to the background. Once again we perturb the background solution by an electric field but now have a larger class of perturbations to consider:
where i now runs over (1, 2) and we of course mean that x 1 = x, x 2 = y.
This time the Maxwell equations give us two conserved fluxes
In order to calculate the Hall conductivities we apply an electric field E x . Once again we demand that there is no source for the metric or the scalar field. Then we can evaluate the conductivities via the ratios
We choose to evaluate these at the horizon, where the perturbations are constrained by regularity to obey:
The quickest way to evaluate the conductivity is to plug these requirements into the t − x component of Einstein's equations. This results in a pair of simultaneous equations for the value of δh tx i at the horizon.
Inverting these expressions and reinserting the charge density, Q, leads to the identifications
The ugly mess that appear on the bottom of these formulae can be seen to arise as the determinant of the two by two matrix appearing in the above simultaneous equations. Armed with the values of the graviton at the horizon, we can proceed to extract the Hall conductivity
While these formulae do not look particularly elegant, it is simple to check their consistency. In the limit of no magnetic field we reproduce the results of the previous section. In the limit of no scattering Φ → 0 they reproduce the familiar Hall conductivity σ xx = 0, σ xy = Q/B of Lorentz invariant systems. Finally, in the absence of a dilaton, i.e. Z = 1, the theory has a full SO(2) electromagnetic duality. This means that the conductivity in the presence of a magnetic field is related to that without a magnetic field via a rotation [26, 27] . It is simple to check that our results are consistent with this rotation.
We should emphasise that whilst we have calculated the Hall conductivity for the class of models (3.1), our choice was motivated by simplicity. We expect that analogous formulae to (3.20) can be derived using this technique in more general situations -for instance when additional scalar fields couple to the dilaton or we allow anisotropic geometries.
Hall Angle
We are now able to turn to the question of ultimate interest, which is to calculate the Hall angle θ H = σ xy /σ xx 3 for holographic theories in a magnetic field. Whilst transport properties in a magnetic field can be unfamiliar, the Hall angle is especially simple. In many ways it behaves like the familiar DC conductivity-in the absence of a lattice it is an infinite delta function, that will now be resolved via momentum dissipation into a Drude peak.
The holographic calculations performed in the last section imply that the Hall angle takes the somewhat clumsy form
In order to extract the physics, we need simply notice that the number in square brackets is bounded between 1 and 2 4 . We can therefore deduce that the scaling of the Hall angle is predominantly controlled by the overall factor
which can be written in terms of the lattice timescale as
Of course our goal is to compare this result with the DC conductivity (3.15), which we recall takes the holographic form
where the quantum critical contribution is determined by the dilaton factor σ QC = Z(φ).
Motivated by the experimental results, we are interested in understanding how we can obtain different scalings in these two quantities. The first possibility that springs to mind is that the presence of the magnetic field could have a large effect on the background geometry. As such, the thermodynamic quantities appearing in the Hall angle, and additionally the lattice timescale, could be different to those appearing in the DC conductivity.
However, we do not believe these considerations are relevant to our discussion -the anomalous timescale implied by the Hall angle also controls other transport properties, such as the thermoelectric conductivity [5] , in which the magnetic field is not present. It therefore seems that this physics cannot be attributed to the effects of the magnetic field on the background solutions.
We will therefore restrict our considerations to geometries where the lattice scattering rate and thermodynamics are effectively unchanged by the addition of a small magnetic field. It is then easy to see the puzzle of the Hall angle. For geometries where the lattice is very small, τ L → ∞, then the DC conductivity is dominated by the second term, and so scales in the same manner as the Hall angle.
This result should not be a surprise. In this regime, the correct framework to describe strongly coupled transport is the memory matrix [14, 23, 24] . Within this framework, every operator that has a projection onto the momentum operator, such as the electric and Hall currents, is controlled by the momentum relaxation rate, which can now be identified with τ L . The physics is dominated by this single timescale and hence the Hall angle and DC conductivity must agree.
However, a simple resolution of this puzzle is equally clear. Outside of this momentum dissipation dominated regime, we must also consider the quantum critical contribution to σ DC . When this dominates, the DC conductivity is controlled by the dilaton factor, whilst the Hall angle remains controlled by the lattice timescale. Since there is not generically a simple relationship between the dilaton factor and the lattice, this mechanism will enable generic holographic models to generate very different scalings in the Hall angle as to the DC conductivity.
In fact, these considerations seem more general, at least within holography, than the lattice models discussed here. Whist this work was in preparation, an alternative approach to finding anomalous scaling in the Hall angle using holographic probe brane models appeared in [9] (see also [7, 8] for related work). As we now explain, it seems likely that these results can be understood as another holographic example of our ideas.
Whilst the conductivity of these probe brane models is more complicated than (2.2), we can once again identify two distinct contributions. Like the lattice models there is a quantum critical contribution arising from particle-hole pairs σ QC , and an explicit charge dependent term that is finite due to momentum dissipation into a large bath of neutral degrees of freedom. For strong momentum dissipation, the DC conductivity is dominated by the particle-hole pairs, whilst the weak-field Hall angle is proportional to the dissipation timescale τ D [7] . Therefore the general structure of our argument continues to apply, and we expect this provides a microscopic understanding of the results in [9] .
It is certainly encouraging that these ideas do not depend on the specific way we chose to model momentum dissipation within holography. It is therefore likely that they can also be applied to more realistic models of quantum critical transport. To conclude this note, we begin discussing the relevance of these considerations to experimental systems.
Discussion
We end this note with a brief discussion of how the different behaviour of the Hall angle and DC conductivity will manifest itself in experiments. To talk about this in the most general terms we only require the rough form of the conductivity. That is we have two contributions to the conductivity, a quantum critical contribution σ QC and another from explicit charge density relaxed by some momentum dissipation, σ L . These are additive in the DC conductivity following an inverse Mathiessen rule
Conversely the temperature scaling of the Hall angle is always
In order to match the experimental results in the cuprates, we would need to construct a theory where the DC conductivity is dominated by the quantum critical point with a scaling σ QC ∼ 1/T . We could then reproduce that scaling of the Hall angle provided we have that σ L ∼ 1/T 25 . Whilst we do not propose a detailed model of how to specifically 5 Note that we require the parametric separation σ QC σ L . The simplest holographic models discussed in [18, 19] have scaling behaviour only at the lowest temperatures, and hence we do not think it possible to match the experimental results within these models. It seems likely that the introduction of additional scales is necessary.
obtain the linear resistivity 6 , if we expect the leading contribution to σ L to be arising from Umklapp scattering off a lattice, then the Fermi-liquid like 1/T 2 behaviour of the Hall angle is very natural.
Having combined these two contributions, the resistivity predicted by this approach would take the general form
where W is a model dependent energy scale. In our picture, the critical conductivity dominates for T W and we are left with the linear resistivity. Conversely for T W , momentum relaxation is very weak and the resistivity passes back over to a Fermi-liquid like T 2 law. Although arising from a completely different model, a similar form the resistivity was recently presented in [28, 29] . In particular, it was emphasised that this crossover is remarkably similar to the behaviour of the overdoped cuprates and was found in [29] to provide a good fit to experimental data.
Finally we comment that this dichotomy in relaxation times is not just restricted to the Hall angle and DC conductivity, but will be evident in more general transport properties. In particular, the thermoelectric current is also observed to imply a scattering rate τ ∼ 1/T 2 -it is therefore believed to be controlled by the same processes that govern the Hall angle [5] . It is immediately clear that our picture reproduces this result -the particle-hole pairs responsible for the quantum critical conductivity do not carry any net momentum. As such, we would only expect a contribution to the thermoelectric current from the explicit charge, and hence this should be controlled by the lattice timescale τ L .
Whilst it is hard to make any concrete comparisons with experiment due to the qualitative nature of this work, it is encouraging that these simple features hold up. It would of course be of great interest to develop specific models realising this scenario, so that a more detailed comparison with experimental phenomenology can be performed.
